Abstract. The motion about a centre of mass of a spacecraft with a vertical elastic tethered system under the action of the gravitational moment and small periodic tethered force at a circular orbit is studied. The mathematical model is derived using Lagrange's equations including tether vibrations and oscillations of the spacecraft relatively of the proper mass center. The paper contains bifurcation analysis, phase space study, and analytic solutions for separatrixes. The considered mechanical system performs chaotic motion near separatrixes under the influence of small disturbances. The Melnikov method gives a criterion for homo/heteroclinic chaos in terms of system parameters. Results of the study can be useful for the analysis of gravitational stabilization systems with space tethers and for studying the behavior of a spacecraft with a deployed tether.
INTRODUCTION
The field of space tethers has received very much attention in recent decades, with many specialist articles and books available in the scientific literature. The fundamental paper by V. Beletsky and E. Levin [1] has played an important role in providing the basis for the study of the tethered system dynamics. Modern results and new problem statements of the study of tethers dynamics are also very important. A new concept for the application of space tethers in planetary exploration and payload transfer is presented in Williams, Blanksby and Trivailo [2] . It is proposed that a payload be deployed on a spinning tether in a hyperbolic orbit in order to provide a sufficient increment of a velocity such that it is captured in an elliptical orbit at the destination planet. Due to conservation of momentum, the main spacecraft gains a socalled "momentum-enhanced gravity-assist". This concept is investigated by conducting numerical simulations of a simplified system. The mathematical model is derived using Lagrange's equations including tether mass, but neglects tether vibrations. Tether-mediated rendezvous between a noncooperative payload and a maneuverable tether is considered by Williams [3] . Practical scenarios in which the tether system orbit and payload are inclined relative to each other mean that capture is no longer limited to the orbital plane. The necessary conditions for achieving a zero position and zero velocity rendezvous when the tether system and payload are in arbitrary orbits are derived. It is shown that significant manipulation of the threedimensional dynamics can be achieved in under two orbits using only tension control with smooth variations in tether length. At the most basic level, it has been shown to be conceptually feasible to boost or deorbit a payload by means of a long tether. A simple example is the deployment of a payload from a large spacecraft, utilizing the tether swing motion (librations) to generate the delta-v required to have the payload re-enter the Earth's atmosphere (Williams, Blanksby, and Trivailo [2] , Zimmerman, Schottle, and Messerschmid [4] ). The central advantage of using tethers in many of these applications is that very little fuel needs to be consumed. The benefits of using tethers are reaped over multiple missions by reusing the same tether. A method of damping structural vibrations using optimization techniques is presented and applied to a tethered satellite system given by Dignath and Schiehlen [5] . Misra [6] successfully studied dynamics and control of two-body and n-body tethered satellites. In addition nonlinear roll and pitch motions of two-body systems are examined. The YES2 (2nd Young Engineers' Satellite) tether system is the first European tether hardware operated in space in the 2007. The YES2 tether is non-conductive, 31.7 km long with a diameter of 0.5mm and weighs only 5.8 kg. To initiate the deployment a spring-based ejection system was developed, and to apply accurate momentum transfer a timer and release system is present on the subsatellite side. A small, 6 kg reentry capsule was developed as subsatellite. Confidence is gained from the mission results for use of the deployer in future missions. There are many potential applications for tethers such as coordinated measurements from multiple satellites tethered together (formation flying), artificial gravity in spacecraft using a rotating tethered system, small pay-load launch assist e.g. [7, 8] . The tethered systems offer numerous ways of beneficial implementation on modern spacecrafts and allow to perform multiple tasks such as the tethered payload planetary capture applications, studied by Williams [9] . Thus Space tethers have been proposed for a wide range of useful applications, including payload delivery from the Earth orbit and Earth monitoring, using surveillance equipment on the lower end of a vertical tether. Majority of recently developed models are focused on the tether, while the spacecraft and the payload are usually referred to as the point end-masses [1] [2] [3] [4] [5] [6] [7] [8] [9] .
However, the study of the motion of a spacecraft with a tether relative of the own mass center is very important in modern science. The motion about of a mass centre of a spacecraft with a tethered system, designed to launch a re-entry capsule from a circular orbit was considered in [10, 11] . The direction and value of the tethered force is varied in the deployment of the tethered system. If the point of application of the tethered force does not coincide with of the mass centre of the spacecraft, then oscillations with variable amplitude and frequency occur. The approximate solutions of the equations of motion about of the mass center the spacecraft obtained by Aslanov [10, 11] . These solutions can be used for the determination an undesirable additional microaccelerations. In these articles the nonelastic tether is considered and the spacecraft moves at a circular orbit.
In this paper we consider a tethered system consisting of a spacecraft and a payload connected with a variable-length elastic tether. In general, tether dynamics are very complex. A flexible tether undergoes a complicated set of coupled vibrations. These may be separated into longitudinal, lateral, and rigid body modes [12] . All three of these vibratory modes are coupled due to the influence of the gravity gradient. Herein we will study the oscillations of a spacecraft as a rigid body under the action of the tethered force and gravitational moment. If the tether is extensible, then vibrations of the tether initiate small periodic disturbances, affecting the spacecraft. On the other hand, depending on the ratio between the spacecraft's moments of inertia and tethered system parameters, points of unstable equilibrium can appear in phase space. These two factors lead to chaos [13, 14] and irregular behavior of the spacecraft in its motion about a centre of mass. The purpose of this paper is to research the influence of elastic fluctuations of the tether on chaotic behavior of the spacecraft.
MATEMATICAL MODEL
The equations governing the dynamics of the tethered system are highly nonlinear. Hence the dynamical behavior is very rich and in some cases can be chaotic. The general dynamics of such systems involves pitch and roll motions of the tether, longitudinal and transverse elastic oscillations of the tether and three-dimensional attitude dynamics of the end-bodies. Pitch and roll motions of the tether are only marginally affected by the elastic oscillations of the tether and the rigid body dynamics of the end-bodies. We study the motion of the spacecraft relative the mass center under the influence of longitudinal elastic oscillations of the tether. Therefore, these two oscillating motions can be investigated by modeling the simplified system as one that consists of one rigid body and one point end-mass, 1 m and 2 m , connected by a straight, elastic tether of length l . Such model is used in preliminary tether analyses due to its simplified mathematical representation and computational efficiency. The major assumptions employed in the derivation of the mathematical model are that: 1) the only external force acting on the tether system is the Newtonian gravity force from the target planet. The aerodynamic drag, solar pressure forces, and the gravity from the Sun and other planets are considered negligible, 2) the effect of tether mass is negligible ( 0 A representation of the model, as well as the generalized coordinates used to describe the motion, are shown in Figure 1 . The generalized coordinates are selected as  -the in-plane libration angle of the spacecraft,  -the in-plane tether libration angle, l -the tether length,  -the orbit true anomaly of the system's centre of mass, and r -the orbit radius to the system's centre of mass. The equations of motion for the tether system are derived using the Lagrange procedure. 
Kinetic Energy
In our case kinetic energy may be represented as a sum of three terms 12 ,
where C T is the kinetic energy of the system's center of mass, T is the kinetic energy of the spacecraft and of the end-mass about the system's centre of mass.
Kinetic energy of the system's center of mass orbital motion includes radial and transverse velocity   V is relative velocity of the end-mass about the system's centre of mass. After evaluation and simplification and according to the accepted assumptions kinetic energy of the system [1] with respect to the generalized coordinates may be written as is the moment of inertia of the dumbbell system about the centre of mass of the system, 2 11 C C m    is the equivalent moment of inertia of the spacecraft.
Potential Energy
The potential energy for the system consists of the gravity potential due to a spherical central planet, of the energy of the dumbbell, the potential energy of the rigid body (spacecraft) in the central force field and the energy of the elastic deformation of the tether
where  is the standard gravitational constant, 
Lagrange procedure and equations of motion
Using expressions (2) and (3), we can write the system's Lagrangian as
Now the equations of motion can be obtained via the direct Lagrange procedure: 
where l Q is the tether control tension and / x dx dt  represents differentiation with respect to time.
Since the orbital time on a hyperbolic orbit is relatively short, it may be assumed that the centre of mass remains in an unperturbed Keplerian hyperbolic orbit. In such a case, the generalized coordinates r and  are known through represents differentiation with respect to the true anomaly. With these modifications, and taking the independent variable to be the orbit true anomaly, the following three non-dimensional equations of motion are obtained
After simplification for the circular orbit ( 0 e  ), the equations (11) - (13) may be written as
CHAOTIC OSCILLATIONS OF A SPACECRAFT WITH A VERTICAL TETHER
Let us consider an elastic tethered system, consisting of a spacecraft, an elastic tether and an end-mass in a circular orbit ( 0 e  ) in the central gravitational field. We will consider the case when the end-mass oscillates on the vertical tether (14) and (16) can be written as If we study the motion of the spacecraft under the influence of the elastic tether by means of equation (17) then we may search for a solution of equation (18) for 0
For the initial conditions:
solution of equation (19) is given in the form 
where
If 0   then periodic disturbances are absent, the system (22) remains conservative and describes the motion of the undisturbed biharmonic oscillator as [15] sin sin cos ac
The coefficient 0 a  is always greater than zero, and the sign of c depends on the ratio between the moments of inertia A and B in compliance with (23). Positions of equilibrium of the undisturbed system (24) are defined as roots of the following equation Hyperbolic points (saddles) exist when condition (22) is satisfied. In such cases, the action of external periodic force   sin sin 2cos cos
in the disturbed system (22) may lead to chaos and homo/heteroclinic intersections [14] . Chaotic transitions can appear near separatrixes, dividing characteristic areas of motion and connecting hyperbolic points. Now let us refer to the analysis of the disturbed system (22) by means of the Melnikov method [13] . The Melnikov method is an analytical tool used to define the existence of homo/heteroclinic intersections and as a result of the chaotic behavior. The method provides a necessary condition for the existence of chaos. In order to apply the Melnikov method we need know the analytical solutions of the equation of undisturbed motion at separatrixes. 
A case like this results in two unstable -saddle-type points
and two stable points -centres 0,
We 
